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Laplace equation: A thermodynamic interpretation
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Work done on the system: dW = —pdV + ydA

Change in the energy: dU = dW +dQ

Free energy: F=U —-TS

dF =—pdV +ydA—SdT

T = const

—pdV +ydA+TdS

pressure (Pa)

- volume (m3)
- surface area (m?)

surface tension (N/m)

- temperature (K)
- entropy (J/K)

Laplace equation (cont'd)

>3
X

Ny
Ay }

Displace a surface element by ¢

AA - AA
AA = AXAy; AA' = AX'AY'

AV, =-AV, = —(x, y) AxAy

T

Laplace equation (cont'd)

0=38F =—p,3V, — p,3V, +y8A=—(p, -
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The thermodynamic potentials are defined for the whole system,

but not to one element, i.e.
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Laplace equation (cont'd)
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Link to the principal curvature radii
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By virtue of the commensurability
of triangles
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Menisci shapes: Curvature
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Menisus near a vertical wall
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hydrostatic
pressure
Laplace pressure
p - density of liquid
g - acceleration of gravity
y - surface tension
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A limiting case that everyone is familiar with
C= 2 >>d
P9 q
Ah= R—RsinH:E(seca—tana)« h(0)

hence the curvature is nearly constant,

h(x) =h(0) + R —vR? — X

i.e. the meniscus is “hemispherical”
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const is found from

Meniscus in a side-parallel slot
2

2h h" h 1
S =—————— W) — =C0nst———
c? {l+[h']2}3/2 c? l+[h']2

B.C.. h'(0)=0; h'(d/2)=ctané

Hence,
\ . h(0) =C./(const —1)
h(d /2) = C,/(const —sinH)
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the boundary conditions

Drop shape
Small drop Largedrop _ov"
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C =3.7 mm for H,0 curvature!

= 2.7 mm for Hg

Minimal surfaces: the Plateau problem

What is the equilibrium shape of liquid drop under zero gravity condition?

minimum area (A) for a given volume (V)

A= ZﬂerI = 27r]g r/dz? +dr?

= anr 1+ (r)?dz — min
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Catenoid |5

dry
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the surface of zero

average curvature

Catenoid problem: The variational approach

The problem: Find a function r(z) such that
L]
A= 27rfr 1+ (r')? dz — min

a F(r,r)
r(z) > r(z2)+ep(z); |elkl
If A(¢) has an extremum, d—A =0 must be zero
f ol soF CoF
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intergrate by parts
Euler-L. tion: E_iaF,o
uler-Lagrange equation: ar dZ ar'




Catenoid problem: The variational approach (cont'd)

We have defined F(r,r')=r1+(r')? i.e.itdoes not depend on z explicitly.
Then
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Further, from the Euler-Lagrange equation,
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Tensors

Let there be three vectors a,, a, and a, z
defined in each point of a space. On
. . . z
rotation of the coordinate system, x — X',
y >y and z — 7, the triple of the vectors
is transformed as a

a,. =a, cos(x,x) +a, cos(y, X') +a, cos(z, x)
a,. =a,cos(x,y')+a,cos(y,y’)+a,cos(z,y’)
a, =a,cos(x,z') +a, cos(y,z') +a, cos(z,2")

projections of
such a tensor on
coordinate axes

This defines a 2nd rank tensor & = (&) 0O "

Scalar product of a tensor and a vector
gives a vector, e.g.

B=a-A
BFZauAJ
[

projections of a
vector on
coordinate axes
are scalars,

An alternative definition of tensors

y A(x,y,z) Representation of a scalar (e.g. temperature)
121 does not change on transforming the coordinate
system.
o X Representation of a vector (e.g. electric field)
2" changes as

A cosp,. sing,. 0} cosp, 0 sing,. |1 0 0 A
A,. |=| -sing,. cosp,. 0 0 1 0 0 cosp, sing, || A
A. 0 0 1){-sing, 0 cosg, )\0 -sing, cosp, \ A

rotation around z* rotation around y* rotation around x
Let A and B be two vectors. Introduce a new object T comprised of pairs A,BJ
A'= Z M A 1
. = Tka:zMuMkITJIC%
B,'=Y MyB, J ] Think of electric
|

polarization
p=a-E

T is a 2nd rank tensor (and has 32 = 9 elements)

Pressure tensor

To describe the surface forces, it is convenient to use the stress tensor o

Furtee = Po-ndS
S

v, oV,
Oy =—PJ; ‘*"7(7""7‘(]
- M ox, ax,
Under static conditions,
Oy =—PpJy

which justify introduction of the pressure tensor, f) =—0c
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-pVU +V-6=0

static equilibrium,
potential force

Pressure tensor (cont'd)

Py Pz Pig p, 0 0
f): P21 P2 Py Tﬂpal—) 0 P2 0
Psi Py Pas 0 0 py
Equilibrium condition for an isotropic liquid in the gravitational field:
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Bakker equation
for symmetric :{ = J‘ (pai —p)dz + I (p”i —-P)dz
part of the s 7
excess surface s N
stress tensor Y= I (p.—p)dz

Contact angle

Ya+7,C080 =7,

- vapour _
liquid ) “ cosg =T =74
%l . " !
solid (Young-Dupré equation)
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E=E, +E4+E
Ey =7,Sy = 2R, (1-cos6)
Ey =74Sy = 7R’y sin?6

E,, =¥,S,, =Const - 7R%,,sin’ @ a0




Linear tension and generalized Young equation
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dividing surface intersection line|
(2D surface) (1D surface)

The energy functional:

E =,2J’J’J‘ pOdv® +y ” yPdA® + Y j gL
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bulk effect surface effect line effect
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